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Plan

© The model: current reservoirs
@® Previous results, key technical issues

@® Fluctuations, challenges
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1. The model: current reservoirs

In a region Q each point (representing a large microscopic system) has reached a
local thermal equilibrium.

e Macroscopic states: functions p € L'(1).
e Postulate: thermodynamics of the system is determined by a free energy

functional: F(p) = /f(p(r))dr.
Q
e Dynamics: continuity equation (conservation of mass)

o _ o
ot~ or

e Constitutive relation for the current (chosen such that free energy decreases)

1=-rt0 5 (55)

e x(p) > 0 is a model dependent coefficient called mobility.

e Boundary conditions? Periodic, Dirichlet or other?
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Density reservoirs: complement the equation with Dirichlet b. c.:

B Y = Z, re

o or’

p(=1,t) =p—,  p(l,1)=ps, p(r,0)given
(In some sense, “big” reservoirs maintaining the values of the density at the
boundaries.)
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Density reservoirs: complement the equation with Dirichlet b. c.:

o _ W — (X 0) _
%= oy =Rl re(=L1)
p(=1,t) =p—,  p(l,1)=ps, p(r,0)given

(In some sense, “big” reservoirs maintaining the values of the density at the
boundaries.)

Current reservoirs: play a more active role as they directly force a flux of mass into the
system (without freezing the order parameter at the endpoints):

J(—],t):j)\_(p(—],t)) J(1,1) :j)\+(p(1,t))

where A_(-), A\;(-) are model dependent, mobility parameters. A flux of mass J(—1,¢)
enters into the system at the point -1 and a flux of mass J(1,¢) leaves the system at
the point 1 (producing a change of density p(F1,¢) £ J(F1,¢) dt).
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Density reservoirs: SSEP on A, = [-¢~,e™'|NZ={-N,-N+1,..,N}, N=[¢""].

Let {nm:(x) € {0,1}, x € A., t > 0} be a process with generator

Lfm =35 S (f™) - s)

XEA: y:ly—x|=1

plus birth/death processes at the boundaries:

1-p-

N 12 42 ANPT
Nt AN Nt
p- | | | |.| | | |.|.| | | | |.|.|.| 1-p+
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Density reservoirs: SSEP on A, = [~ ', e '|NZ = {-N,-N+1,..,N}, N =

Let {nm:(x) € {0,1}, x € A., t > 0} be a process with generator

XS (o) )

XGAE yily—x|=1

plus birth/death processes at the boundaries:

1-p-
N 12 1 NP
N AN N
-y, e, 06, 6006 e

Hydrodynamic limit exists:

d 1 6?
% ~age  TECLD

with Dirichlet b.c. p(—1,1) = p_, p(1,1) = p+.
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Current reservoirs: at the boundary (|/+| = K, finite!) we impose a (microscopic)
current gj with e = 1/N

Loef () =<2 37 Dan(F (™) — F(),

xely

\ [ /K_

where

Dyn(x) =1 —n@)nx+ Dnlx+2)...n(N), xely
D_n(x) =nx)[1 —nx—DI[1 =nx—=2)]...[1=n(=N)], xel-.
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Current reservoirs: at the boundary (|/+| = K, finite!) we impose a (microscopic)
current gj with e = 1/N

Loef () =<2 37 Dan(F (™) — F(),

xely

\ [ /K_

where

Din(x) = [1 =n@Inx+ Onx+2)...0(N), xely
D-n(x) =n@)[1 —nx =Dl =nx=2)]...[1 =n(=N)], xel-.

More general dynamics:

Din(x) = %F(nlzi), forsome 6 >0
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2. Previous results

CE. ()]

Ec[Lo(n) + Ly(n)]

SAEn( )] + EL ST Dan(lf(r®) — )
xel4

Can we close it with respect to p.(x,t) := Ec[n(x,1)]?
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2. Previous results

%EE me,D] = EelLo(n) + Lo(n)]
= SAE 0] +EL 3D Dan(lf () — £
xel4
Can we close it with respect to p.(x,7) := E:[n(x,1)]?

e Propagation of chaos. Considering the correlation functions:

V) = Ee [ TTnG ) = pe ()], xe Ay7, n>1
i=1

Theorem (De Masi, Presutti, T., Vares)
Ir>0,c" >0,st V8" >0,n€Z4+, Jc, 8.1. Ve >0

—2 . N—c*n B*

cn(e™71) t<e
sup |v€(£7t|‘u€)| < { ! (Z—ﬁf")c*n7
Cn€

z =il
PN e? <t<rTloge
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e Inthe limit ¢ — 0: heat equation with special boundary conditions:

9 1 &
Ep(ra t) - Ewp(rvt)v re (_la 1)7

Op(r, 1)

Dy = j1 = (1,0, 2D =0~ (1= p-1,0))
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e Inthe limit ¢ — 0: heat equation with special boundary conditions:

9 1 &
Ep(ra t) - Eﬁp(rvt)v re (_17 1)7

9D~ j— 1,09, 28D = j - (- p-10)9)

e Validity of Fourier law: the expected current through x + 1 is

j(es)(x7 1) = % E. [5{77(?67 f)—nlx+ 17t)}] _ _%Es[n(x-i- 1,2 —n(x, t)]

and we prove that for r € (—1,1)

lim /) ([, 1) = -5 2200),

e—0 2 0Or

D. Tsagkarogiannis (University of LAquila) LLN and CLT for IPS: The effect of boundary conditions 8/14



3. Fluctuations

(joint work with P. Birmpa and P. Gongalves, in progress)
Look at N
Y(6) = o 3 o — o)

x=—N

Goal: The limit exists, it is unique and Gaussian (generalized Ornstein-Uhlenbeck
process).

@ the process is a Gaussian being the limit of a martingale. Then it suffices to
compute E(Y(¢)?).

@ find the full distribution E(f(Y(¢))) and use Holley-Stroock theory
® need: tightness, uniqueness
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Let

M, ()

- [[awa

N(@) = (M) — /0 () ds

where

A(¢) = (0 + L)Y(¢)
L(¢) := L(Y(¢))* = 2Y(¢)LY(9).

For a general test function f we have:

T (@) =1 (Y(9))A(e) + %f”(Y(qﬁ))F((b) T

(check the case f(r) = #*). How shall we proceed?

D. Tsagkarogiannis (University of LAquila) LLN and CLT for IPS: The effect of boundary conditions 10/14



Boundary terms

N
= ¢ Y (VIR (@) — mx+ 1) +
x=—N

gz (X))’ D(x) + 2 Z¢<a 2D (x)

x€ly xel

and

MO) = THO9)+VE 3 JAMB0) - 5V o)aw)
x=—N+1

PY s e - D)) = 52 ()
y=N—K+1

+ S|m|IarIy at/_
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Linearization:

Dot @)bmr =J0 — (o4 (1)) = ey = —jKp(1)* ¢
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Linearization:
0 0 . _
S+ @l =1 = (p+ ) (1)) = -&lr = —iKp(1)* '€
From equation gg = ¢”, integrating by parts, we obtain:
(9 _ 8 _ 1" _ 1 ANEE _ / 1
—6545 = ¢E§ =¢8" = ¢"E+(96)|m1 — (98]
= ¢"¢+[=jKp(1)"'p(1) — &' (D)E() + ...

Similarly, computing E(Y($)?) in order to obtain the limit ¢ — 0 we need to make the
same choice of the space of ¢.
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(1 =nN=1))n(N) = (1 = p(N = 1))p(N)

=7(N) = [1(N = 1) + p(N = D][A(N) + p(N)] + p(N = 1)p(N)
7(N) = 27(N)p(N)

+ terms of the type ...(7(N — 1) — fj(N)), (N — 1)7(N)
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(1 =n(N = 1))n(N) = (1 = p(N = 1))p(N)

=(N) = [N = 1) 4+ p(N = D][A(N) + p(N)] + p(N = 1)p(N)
= 7(N) = 27(N)p(N)

+ terms of the type ...(7(N — 1) — (N)), 7(N — 1)7(N)
At the limit, we need to control the extra terms:

E

( / ) d)} = e / ds / drEs, [E[, (0177,
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Conclusions

@ General boundary dynamics
® Choice of test functions
@® v-estimates at different times

@ large deviations?

D. Tsagkarogiannis (University of LAquila) LLN and CLT for IPS: The effect of boundary conditions

14/14



